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Abstract 

The derived group of a permutation representation, introduced by R.H. 
Crowell, unites many notions of knot theory. We survey Crowell's con- 
struction, and offer new applications. 

The twisted Alexander group of a knot is defined. Using it, we obtain 
twisted Alexander modules and polynomials. Also, we extend a well- 
known theorem of Neuwirth and Stallings giving necessary and sufficient 
conditions for a knot to be fibered. 

Virtual Alexander polynomials provide obstructions for a virtual knot 
that must vanish if the knot has a diagram with an Alexander numbering. 
The extended group of a virtual knot is defined, and using it a more 
sensitive obstruction is obtained. 
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1 Survey of Crowell's derived group. 

The derived group of a permutation representation unifies in a single theory the 
concepts of knot group, Alexander matrix and covering space, three concepts 
that Crowell and Fox believed were central to knot theory (see preface to 0]). 
Crowell presented his idea in [H] as a culmination of many years of thought. 

The operator notation that we use is more compact than the notation of [Jj]. 
It is convenient for our applications, and we hope that it will suggest further 
applications. 

*Both authors partially supported by NSF grant DMS-0304971. 
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Throughout G will denote a multiplicative group acting on the right of a 
nonempty set T. The action r x G — > T is denoted by (7,3) i— > 75. It deter- 
mines in the usual way a representation p : G — > Sr, where Sr is the group of 
permutations of T. 

Definition 1.1. |B] The derived group (of the permutation representation p) is 
the free group with basis T x G — {g 7 \ g G G, 7 G T} modulo the relations 
( g h)-y = cr'/i'w, for all 3, /i G G and 7 € I\ We denote it by G p . 

It is helpful to regard the exponent 7 in g 1 as a coordinate. Before giving 
examples, we mention basic combinatorial facts about derived groups that are 
proved in (> . 

Lemma 1.2. (i) 3 7 = 1 if and only if g is trivial in G. 

(ii) W)- 1 = {g- l V 9 , for any g G G. 

(iii) Every nontrivial element u G G p has a one and only one normal form 

u = gTgf ■■■gZ n , 

where g k # 1 and 7^+1 ^ 7 fe g fc , for 1 < k < n. 

As Crowell warned, G p should not be confused with the commutator sub- 
group [G, G] (also known as the derived group of G). The reason for the name 
is a connection between G p and the derived module of a homomorphism. 

Definition 1.3. j^] Let P : G — > T be a group homomorphism. Let T x G — > 
T be the G-action on T given by (7,3) 1— > jP(g), and let p : G — > S"r be the 
associated permutation representation. The derived module of P is the Z[r]- 
module G P /[G P , G p \. 

Derived groups can be regarded in two different ways as universal objects in 
appropriate categories. We briefly outline each approach. 

Let A be a multiplicative group. We recall that a crossed product is a 
function / : T x G -> A with the property that /(7,.gi.g 2 ) = f{l,9i)f{l9l,9i), 
for each 7 G T, 31,32 G G. The function A : T x G — > G p determined by 
(7,3) 1— > 3 7 is an example of a crossed product. Moreover, given any crossed 
product / TxG^i there is a unique group homomorphism / : G p — ► A 
such that /A = /. This universal property characterizes G p in the usual way. 

A second point of view, one that is more topological, involves covering spaces. 
Let B, bo be a connected space and base point such that ki(B, bo) = G. Let p : 
E — * i? be the covering space corresponding to the permutation representation 
p : G — > Sr. The preimage p _1 (6o) can be identified with T. Let (7, 3) G T x G 
denote the relative homotopy class of paths lying above 3 beginning at 7 and 
ending at 73. Then T x G is a groupoid under concatenation, and 

(7i) 5i) (71.91 ,92) = (7i,.9i.92), 

for 31,32 G G, 7 G T. The function A : T x G — * G p sending (7,3) to g 1 
is a morphism of groupoids. It has the universal property that for any group 
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A and groupoid morphism / : Y x G — > A, there is a unique homomorphism 
f : G p -> A such that /A = /. 

In a sense, G p is the smallest group generated by the monoid of path liftings. 
It is shown in [H] that G p is isomorphic to the free product of m (E) and a free 
group F. When B is a cell complex, free generators of F can be identified with 
the edges of a maximal tree in the 1-skeleton of the induced cell complex of E. 

Under certain conditions the derived group has a natural structure as a group 
with operators. The notion, reviewed here, was developed by Noether[22|. who 
attributed the idea to Krull. A detailed treatment can be found in p^. An 
Q-group is a group K together with a set f2 [operator set) and a function 
<j> : K X fi — ► K , (g, u>) i— ► g u , such that for each fixed u>, the restricted map 
(fiu : K — > K is an endomorphism. If K is an Sl-group and Slo is a subset of f2, 
then we can regard K as an fio-group by restricting the action. 

An f2-group is finitely generated (respectively, finitely presented) if it is 
generated (resp. presented) by finitely many ^-orbits of generators (resp. gen- 
erators and relators). The commutator subgroup of a knot group is an example 
of a finitely presented Z-group. Free ^-groups are defined in the standard way. 

Assume that a group G acts on a multiplicative semigroup T so that (-f-f')g = 
7(7' d) f° r au 7> 7' e T and g £ G. Let G p be the associated derived group. We 
can define a map 4> '■ G p x Y —t G p on generators of G p by </> 7 (g 7 ) = g 11 , 
extending multiplicatively. One checks that G p is then a T-group. Its abelian- 
ization is a left Z[r]-module with (X) n i7i)5 7 = ^2 n i9~ <n f° r ^2 n ili G ^P]- If 
G has presentation (gi, . . . , g m | n, . . . , r n ), then is finitely presented as a 
T-group by the orbits of g\, . . . , g^ and r\ , . . . , r„. We will ususally abbreviate 

by <7i. The relators rj are easily written in terms of generators gj of G p , as 
we see in the following example. 

Example 1.4. The group irk of the figure-eight knot k = 4j has presentation 

7Tfe = (a, 6 I ababababab), (1-1) 

where ~ denotes inverse. Let P : 7rfc — * (t | ) = Z be the abelianization 
homomorphism mapping a and 6 to t. The derived group of the associated 
permutation representation p : — *• Si has Z-group presentation 

7r fciP = (a,b I a* X &* 1 abatfrfbab). 

Here the Z-group generators a and b represent orbits {a* }ii=z and {&* 
of group generators, while the single Z-group relator S(r) represents an orbit 
}iez of group relators. 

The relator S(r) is a rewrite of r , where r is the relator in 11.11 It is easily 
computed by a variant of Fox calculus, using the axioms: 

o(g) =3, 5{g)=9 P{ ° ] 
S(wg) = S(w)g p(w) , S(wg) = S(w)g p{wS) . 
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Here g is any generator while w is a word in generators and their inverses. It is 
easy to check that r* can be rewritten as <5(r)* , that is, S(r) with each generator 
g 1 ' replaced by g l 1 . 

For this particular representation p, we refer to the group irk, P as the Alexan- 
der group of the knot, and denote it by Ak- Abelianizing Ak gives the derived 
module of the abelianization homomorphism. It is the Alexander module of 
the knot, a Zf^ 1 ] -module with matrix presentation described by the usual Fox 
partial derivatives (see [2]): 

\ p\ 

= (-t-~ L +3-t — 3 + i). 

The superscript indicates that each term of the formal sum is to be replaced by 
its P-image. 

The Oth characteristic polynomial of the matrix, t 2 — 3t + 1 (well defined up 
to multiplication by it 1 ), is the (1st) Alexander polynomial A&(i) of the knot. 
The index shift is a consequence of the fact that we removed a redundant relator 
from the Wirtinger presentation for TTk when obtaining ll.il 

Replacing r = Z by T — Z/rZ = (t \ t r ) results in another derived group 
that is identical to the one above except that exponents t l are taken modulo 
r. In this case, G p modulo the normal subgroup generated by 
produces the fundamental group of the r-fold cyclic cover of § 3 \ k. Killing the 
entire family of generators, * results in the fundamental group of 

the r-fold cover M r of § 3 branched over k. 



2 Core group as a derived group. 

A presentation for the core group Ck of a knot can be obtained from any diagram. 
Generators correspond to arcs, while at each crossing the generators must satisfy 
a relation indicated in Figure^ The relation does not depend on the orientation 
of the arcs. 

The core group was discovered independently by A.J. Kelly and M. 
Wada |3nj. It appears in a paper by R.A. Fenn and CP. Rourke Wada 
proved in [30] that Ck is isomorphic to the free product of ttiM 2 with an infinite 
cyclic group (see [22] for an elementary proof). 

The n-orbifold group Ok is another group associated to any knot k. It is the 
quotient group 

where x is any meridian element and (( )) denotes normal closure. Letting r 
denote the nontrivial covering transformation of the 7r-orbifold group has 
a topological interpretation as the group of lifts of r and the identity transfor- 
mation to the universal cover of M%. Consequently, it fits into a short exact 
sequence 

1 7riM 2 -> O k Z/2 -> 1 
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Figure 1: Relations for core group Ck- 



(see for example page 133). The homomorphism P induces a permutation 
representation p : Ok — > Sz/2 ■ Hence the derived group Ok, P is defined. 

Proposition 2.1. The derived group 0^ p is isomorphic to the core group Ck- 

Proof. Consider a Wirtinger presentation for the group of fc, 

7T= (a,b, ... | r,s, ...), 

where as usual generators correspond to arcs of a diagram, and relations cor- 
respond to crossings (see Figure |2J ■ Since any two (meridian) generators are 
conjugate, the 7r-orbifold group has presentation 

O k = {a, b, ... | r, s, .. -,a 2 ,b 2 , . . .). 

The homomorphism P : Ok — > Z = (t | t 2 ) takes each generator to t. Hence 
the derived group of the corresponding permutation representation p has group 
presentation 

Ok, p = (a e ,b t \... | 5(rf , S(sf , . . . , S(a 2 f , S(b 2 f ,...), 

where i is taken modulo 2, and as before 5(r), S(s), . . . indicate rewritten relators. 

Consider a typical Wirtinger relation bd = ab corresponding to a positve 
crossing, as in Figure |21 (The argument or a negative crossing is similar.) The 
relation determines a pair of relations in the presentation of the derived group. 
Abbreviating a , b , . . . by a, b, . . . , the relations appear as: 

fed* = ab\ b l d = a'b. (2.1) 

The relators a 2 , 6 2 , . . . also determine pairs of relators: 

aa*, a'a, 66* = 6*6, . . . 

or equivalently, 

a* = a, 6* = 6,.... (2.2) 

Using the relations 12.21 we can eliminate a*, 6*, ... , from the presentation for 
Ok.p- The relations |21 become bd — ab (the second relation being redundant). 
Since this relation is equivalent to d — bdb, we have arrived at a presentation of 
the core group. Hence Ok, P = Ck- 

□ 





Figure 2: Wirtinger relations. 



3 Twisted invariants. 

Suppose the permutation representation p of G corresponds to an action of G on 
a left i?-module V. Then, regarding R as a multiplicative semigroup, the derived 
group G p has the structure of an i?-group. The requisite function G p x R — > G p 
is defined on generators by (g",r) t— > g rv and extended multiplicatively. This is 
well defined on G p since r takes (gh) v = g v h vp{ -^ to {gh) rv = g rv h rvp ^. 

Note that in G p we do not have the relation g v g w — g v+w . If we impose 
this relation for all g G G and u, io G we obtain a quotient group with an 
induced i?-group structure. Its abelianization is an i?-module, since we recover 
the additivity of the R action from 

O'l + r 2 )(vg) = ((n. + r 2 )v)g = (riV + r 2 v)g 

= (r\v)g + (r 2 v)g = r 1 (vg) + r 2 (vg), 

where the third equality follows from the imposed relations. 

Example 3.1. Twisted Alexander polynomials, introduced for knots in [2D] 
and defined for finitely presented groups in can be obtained by replacing 
p with more general representations. We return to the example above of the 
figure-eight knot (example ll.4fl . Let Pi : irk — > (t \ ) be the abelianization 
homomorphism considered there, and let P 2 : i^k — > SL2(C) be the discrete 
faithful representation 

-a ?)■ 

where ui = (see Chapter 6 of [2HD- Together, P\ and P 2 determine a 

homomorphism P : GL 2 (C[t ±1 }) described by: 

Denote the image of P by T. 

The derived module of P : -Kk — ¥ T is a Z[r]-module with presentation matrix 
given by a 1 x 2 Jacobian: 





G 



Each entry is a formal sum of matrices. Add its terms to form a single 2x2- 
matrix. The result is: 



-Ojt+\+uj-\ t-2-w+\\ (-2+\ -wt + l+w-f 



^ ^ iV^>(t -1) -u>t + ?>-\ ) \Qt-l 2i-3+i J J 

(3.1) 

Wada :31, showed that the following procedure produces a polynomial invariant 
of knots. Remove the inner parentheses to form a 2 x 4 twisted Alexander matrix 
A p . Delete the first two columns (corresponding to the generator a), take the 
determinant, and divide by Uet(tl — P(a)). The resulting polynomial is Wada's 
invariant, 



(t -l) 2 (t 2 -At+l) 



w*,„ = - -y i 1)2 " 1 ~' =t 2 -4t + i. 

The result is the same if we reverse the roles of a by b. (See |3*T].1 

Adding terms and removing inner parentheses to obtain B appears ad hoc. 
The following alternative approach, based on the derived group of an action on 
an i?-module, gives B more naturally. 

The group 7r fc acts on the free C[t ±x ]-module V = C[i ±:L ] C[t ±x ] via P : 
7Tfc — > GL 2 (C[t ±1 ]): for any v S V and g S 7Tfc, we define vg to be vP(g). 
This gives a permutation representation py of 7Tfc on V. By remarks above, 
the derived group TT- Jrkt p v is a C[t ]-group, and the abelianization becomes 
a left C[i ±:L ]-module if we impose the extra relations (vi + v 2 )g = v±g + v 2 g 
for every Vx,V2 € V and g 6 -/t^,. It is generated by eia, e2a, ei&, e2&, where 
ei = (1,0), 62 = (0,1) is the standard basis for V, and one easily checks that 
A p is a presentation matrix for it. 

Remark 3.2. (i) Twisted Alexander polynomials of any d-component link I 
can be found in a similar way, using the abelianization P\ : tti — * Z d . 

(ii) The greatest common divisor of the six 2x2 minors of A is an invariant 
of k and the representation P. It is the 1st twisted Alexander polynomial Ai, 
defined by P. Kirk and C. Livingston ^Hj- The greatest common divisor of the 
lxl minors (that is, the entries of A) is the 0th twisted polynomial Ao. The 
relationship Wk :P — Ai/Ao holds generally. 

The reader is cautioned that an invariant does not result by simply taking the 
greatest common divisor of the two 2x2 minors corresponding to the entries 
of 13.11 contrary to Proposition 1.3 of |12j . Such a quantity is not preserved 
when the presentation of 7Tfc is altered by a Tietze move, in contradiction to 
the assertion on page 213 of ^21- Indeed, in the above example, the greatest 
common divisor of the two minors is {t - l) 2 (t 2 - At - 1). However, if in the 
presentation of TTk we replace a by the new generator c = ab, accomplished by 
a sequence of Tietze moves, then the polynomial t 2 — At + 1 is obtained. 

The Alexander group Ah is the free product of the commutator subgroup 
[7Tfc,7rfc] with a countable-rank free group F. One can choose F to be the free 
group generated by any Z-group family {x 1 } of group generators, where x is 
a Wirtinger generator (cf. Section ^ also see [2H])- Notice, in particular, that 
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Ak/((x)) is isomorphic to [7Tfc,7Tfc]. Here ((x)) denotes the normal Z-subgroup 
generated by x, that is, the smallest normal subgroup containing the orbit {x l }. 

For any knot k, the commutator subgroup [irk, Ttk] is a finitely generated 
Z-group. As an ordinary group, it need not be finitely generated. A theorem of 
J. Stallings |2E| states that if it is, then k is fibered, and [7Tfe,7rfc] is free of rank 
2gk, where gt denotes the genus of k. The converse is also true: if k is fibered, 
then [7Tfe, 7T/c] is a free group of rank 2gt [2T] . 

A consequence is that if k is fibered, then its Alexander polynomial is monic 
with degree equal to twice the genus of k. H. Goda, T. Kitano and T. Morifuji 9 
extended this classical result by showing that if k is fibered and p is obtained as 
in Example 13 . 1 1 from the abelianization homomorphism P\ and homomorphism 
Pi ■ TTfc — * SL2n(^), F a field, then Wada's invariant Wk, P {t) is a rational 
function of monic polynomials. A similar result was obtained by J.C. Cha [3]. 
We prove a companion result for Alexander groups, generalizing the theorem of 
Neuwirth and Stallings. 

Consider a knot k C S 3 with abelianization homomorphism Pi : 7Tfc — ► {t | ) 
and P 2 : 7Tfe — > SL„(P) any homomorphism. We assume that R is a unique fac- 
torization domain. Let P : Wk — > GL„(i?[t ±1 ]) be the product homomorphism, 
as above, with image T. Let p : 7Tfc — > <Sr be the associated permutation rep- 
resentation. We denote by H(ir) the collection of permutation representations 
that arise this way. 

The derived group itk, P is the p-twisted Alexander group of k, and we denote 
it by Ak, P - When P 2 is trivial, TTk, p reduces to the Alexander group of k. The 
twisted Alexander group is a T-group. The image T 2 of P2 is a subgroup of T. 
We can also regard Ak. P as a r 2 -group, letting only elements of T 2 act on it. 
Throughout the remainder of the section, x will denote a Wirtinger generator 
of 7Tfc corresponding to a meridian of k. 

Theorem 3.3. If a knot k is fibered, then, for any representation p € TZ(tt), 
the twisted Alexander group Ak, P modulo ((x)) is a free r 2 -group of rank 2g^. 
Conversely, if Ak, P modulo ((x)) is a finitely generated T 2 -group for some p £ 
1Z(tt), then k is fibered. 

Proof. Assume that k is fibered. Then tt^ is an HNN extension of a free group 
F = F(ai, . . . , a,2g), where g — gu is the genus of k, and it has a presentation of 
the form 

{x,a%, ...,a2g\ xaix^ 1 = <f>(ai), . . . 1 xa 2g x~ 1 = cf>(a 2g )) (2.3) 

for some automorphism (f> of F (see [2], for example). The twisted Alexander 
group Ak, P has a T-group presentation 

(x, ai ,..., a 2g I xa\ P2(x) x p ^ a ^ = 0M, . . . , xaf l{x) x p ^-^) = ^)), 

where ~ denotes the 5-rewrite, explained above. The quotient T-group Ak lP / ((x)) 
has presentation 

(at,...,a 2g I a[ P2( - x) = cj){at) , ■ ■ ■ , a 2 P2{x) =<p(a 2g )). 
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Since p2(x) is invertible, each a\ can be expressed as <p{ai) . Generally, 

the relators can be used one at a time to express each a\ , j ^ 0, as a word in 
the r2-orbits of ax, . . . , ci2 g . Hence Ak, P /((x)) is isomorphic to the free IVgroup 
generated by 01, . . . , ai g . 

Conversely, assume that Ak tP /((x)) is a finitely generated r 2 -group for some 
p <E lZ(ir). The knot group ir^ is generated by x, ax, ■ ■ ■ , a m , where oi, . . . , a m € 
[7rfc,7Tfc]. Then Ak, P /{{x)) is generated by elements of the form af M , where j e Z 
and M ranges over matrices in F2, while [nk,TTk] is generated by the elements 
a\ . The mapping a\ M i— > a\ determines a surjection / : Ak.pl ((x)) — > [ttu, TTfc]- 
By assumption, we can find generators af M of Ak, P / ({x}) such that the values 
of j are bounded. Consequently, the image of / is finitely generated. Hence k 
is fibered. □ 



4 Virtual knots and links. 

Like their classical counterparts, virtual knots and links are equivalence classes 
of diagrams, the equivalence relation generated by Reidemeister moves. How- 
ever, in the case of virtual knots and links, we also allow virtual crossings (indi- 
cated by a small circle about the crossing) , and the set of Reidemeister moves 
is suitably generalized. The notion is due to Kaufffnan, and the reader is re- 
ferred to 52 or [13 for details. A result of M. Goussarov, M. Polyak and O. 
Viro PHj assures us that if two classical diagrams — that is, diagrams without 
virtual crossings — are equivalent by generalized Reidemeister moves, then they 
are equivalent by the usual classical Reidemeister moves. In this sense, virtual 
knot theory extends the classical theory. 

Many invariants of classical knots and links are also defined in the virtual 
category. The knot group ir e is such an invariant. Given any diagram of a virtual 
knot or link I, a Wirtinger presentation is obtained by assigning a generator to 
each arc. (An arc is a maximal connected component of the diagram containing 
no classical under-crossing.) A relation is associated to each classical crossing 
in the usual way. 

Let £ = £\ U ■ • • U id be an oriented virtual link of d components with group 
tt£. Regard Z d as a multipicative group freely generated by ui,...,Ud- Let 
P : it i — > Z d be the abelianization homomorphism mapping the class of the ith 
oriented meridian to m. Let p be the associated permutation representation 
p : 7T£ — > S Z d . The derived group is the Alexander group At introduced in [53] . 

Let D be a diagram of I. An edge of D is a maximal segment of an arc going 
from one classical crossing to the next. (Thus at each crossing, the arc passing 
over is broken into distinct edges.) The extended group tt£ has generators 
a, 6, c, . . . corresponding to edges together with an additional generator x not 
associated with any edge. Relations come in pairs, corresponding to classical 
crossings: ab — cd, xbx = c, if the crossing is positive, and ab — cd, xdx = a, if 
the crossing is negative (see Figure |3J). It is a straightforward matter to check 
that the group so defined is unchanged if a generalized Reidemeister move is 
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c 



a 




b 



d 



a b = c d 
x b x = c 



a b = c d 



x d x = a 



Figure 3: Relations for extended group 7T£. 



applied to the diagram, and we leave this to the reader. 

The extended Alexander group At of the link I was defined in [25] to be 
the Z d+1 -group with generators a, b,c, . . ., corresponding to edges as above, and 
relations at each classical crossing: ab Ui = cd Uj , c v — b, if the crossing is 
positive; ab Ui = cd Uj , a" = d, if the crossing is negative. We assume that 
generators a, d correspond to edges on the ith component of the link while b, c 
correspond to edges on the jth component. One regards each of a, 6, c, . . . as 
families of generators indexed by monomials in u%, . . . , Ud, v, generators for the 
group Z d+1 written multiplicatively. Similarly, each relation r of the Z d+1 -group 
presentation is a family of group relations indexed by monomials. 

Let P : tt^ — > Z d+1 be the abelianization homomorphism mapping generators 
corresponding to edges on the ith component to Uj, and mapping x to v, and 
let p : tti — > S%d+i be the associated permutation representation. Consider 
the derived group nt tP . It is generated as a Z d+1 -group by a, b, c, ... and x. 
Modulo x, the 5-rewrite of the relations for nt iP are easily seen to be those of 
the extended Alexander group. Indeed, the <5-rewrite of ab = cd is ab Ui = cd Uj , 
while the rewrite of xcx = b is xc v x Uj = b. Killing x, that is, killing its 
Z d+1 -orbit, yields the relations for At at a positive classical crossing. A similar 
argument applies to negative crossings. Summarizing: 

Proposition 4.1. Let I — l\ U • ■ ■ U id be an oriented virtual link of d com- 
ponents, and let ftt be its extended group. Let nt lP be the derived group of 
the permutation representation associated to the abelianization homomorphism 
P : fit -> Z d+1 . Then as Z d+1 - groups, the extended Alexander group At is 
isomorphic to iit.pl ((x)), the derived group modulo the normal Z d+1 -subgroup 
generated by x. 

Proposition I4.2I yields new invariants for virtual links. 

Proposition 4.2. (i) Let i be an oriented virtual link. Then 



is an exact sequence of groups, where (( )) denotes normal closure and p is the 
quotient map sending x i— > 1. 



1 -> -> 7T t TTt -> 1 
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(ii) If I is a classical link, then 

1 -»■ At -> 7f< (t | ) 1 

is an exact sequence of groups, where x is the homomorphism mapping x <— > t 
and a, b, c, . . . i— > 1. 

Proof. Killing a; converts the relations for fr^ into the Wirtinger relations for 71^. 
Hence (i) is proved. 

In order to prove (ii), assume that D is a classical diagram for £; that is, a 
diagram without virtual crossings. By the Seifert smoothing algorithm, we can 
label the edges of D with integers v{a), i/(b),i>(c), . . . such that at any crossing 
such as in Figure 1, whether positive or negative, edges corresponding to a, c 
receive the same label, say v S Z, while edges corresponding to b, d receive v + 1. 
Such an assignment of integers will be called an Alexander numbering. (See 
|25] for details.) 

After replacing each generator a, b, c, . . . with x v ( a ' ax~ v ( a \ x v ^bx~ y ^ b \ 
the relations at a positive crossing become axbx — cxdx and 
c = b. At a negative crossing, the relations become axbx = cxdx and a = d. 
Notice in particular that tti is generated by x and symbols corresponding to the 
arcs rather than the edges of D. Moreover, the form of the relations allows us 
to describe the kernel of x using the Reidemeister-Schreier method: it is gener- 
ated as a {t | ) -group by symbols corresponding to the arcs of D together with 
relations ab* = bd l at a positive crossing and ab l = ca* at a negative crossing. 
This is also a description of the Alexander group Ae of the link. □ 

Proposition 14. 21 motivates the following. 

Definition 4.3. A virtual link is almost classical if some diagram for the link 
admits an Alexander numbering. 

Remark 4.4. (i) Reassuringly, classical implies almost classical. However, we 
see in Example 15 . 1 1 that the converse does not hold. 

(ii) The conclusion of Proposition l4.2f ii1 holds for almost classical links. The 
proof is similar. 

Example 4.5. The virtual knot k in Figure 01 appears in J^j. Its extended 
group has generators a,...,h. Using the relations corresponding to the classical 
crossings, one finds after some simplification that 7f/. has group presentation 

(x, a, d | axddxdxa 2 xa = dxaxd, dxaxd = xadxa). 

The kernel of the homomorphism x '■ — > (t \ ) mapping a, d i— > 1 and x h- > t is 
a (t | ) = Z-group. The following Z-group presentation can be found using the 
Reidemeister-Schreier method: 

ker(x) = (Ml adVa(a 2 )V 2 = da'd^ , da*<f = a'd'a* 2 ) (4.1) 
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Figure 4: Virtual knot k. 



If k were almost classical, then the group presented bv 14. II would be isomor- 
phic to the Alexander group Ak of k. We compute a presentation of Ak directly 
from Figure and find 

A k = (c,d\ cd*/ 1 = dc l d t2 , cd'c* 2 = dc'd**} (4.2) 

Each presentation Q4.1JI . H4.2JI determines a Z[i ±:L ]-inodule with 2 x 2-relation 
matrix. Both matrices have trivial determinant, which is the Oth characteristic 
polynomial. However, the 1st characteristic polynomial corresponding to (|4.1|l 
is 1 while that corresponding to 14.2f> is t 2 — t + 1 . Since these are unequal, the 
two groups are not isomorphic, and hence k is not almost classical. 

Remark 4.6. It follows that the knot in Example 14. 51 is not classical. Heather 
Dye has shown us an alternative proof using minimal surface representations, 
as in . 

The proof of Theorem 4.1 of shows that if I is an almost classical oriented 
virtual link of d components, then a presentation for the Alexander group Ae 
obtained from any diagram of the link can be converted into a presentation for 
the extended Alexander group Ai by replacing each occurrence of Mi by UiV, 1 < 
i < d. As a consequence, each virtual Alexander polynomial Ai(u%, . . . , Ud, v) 
is a polynomial in the d variables uiv, . . . , u^v. 

The arguments are similar for twisted groups and virtual Alexander poly- 
nomials. Let Pi : 7t> — > Z d+1 be the abelianization representation, and let 
Pi : nf — > GL n (C) be a linear representation. Together, Pi and P 2 deter- 
mine a representation P : tti — > GL n (C[uf x , . . . , u^ 1 , v ±l ]). As above, we 
denote the image of P by T and the induced permutation representation of 
TTg on r by p. A twisted Alexander matrix A p and associated polynomials 
A^ iPj i = A^ Pj i(-ui, . . . , Ud, v) can now be defined as in Example 13. II 
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Figure 5: Non-classical knot that is almost classical. 



If the diagram for t has N classical crossings, A p is an Nn x iVn-matrix. 
The greatest common divisor of the determinants of all (Nn — i) X (Nn — i) 
minors produces the ith twisted virtual Alexander polynomial Ae, p ,i- As is the 
case with A^o, the twisted polynomial Af iPj o must vanish if £ is classical, and 
the argument is similar (see |25|). 

Theorem 4.7. If £ is almost classical, then a presentation for the twisted 
Alexander group At lP obtained from any diagram of £ can be converted into 
a presentation for the extended Alexander group Ae.p by replacing each occur- 
rence of Ui by UiV, 1 < % < d. 

Corollary 4.8. Assume that I is almost classical. Then each twisted virtual 
Alexander polynomial A.£ >Pt i(ut, . . . , Ud,v) is a polynomial in the d variables 
mv, ... , u d v. 

5 Remarks about almost classicality. 

There are different ways to define what is means for a virtual knot to be almost 
classical. Our definition is motivated by group-theoretical concerns. The fol- 
lowing two examples are intended to convince the reader that the definition is 
subtle and worthy of further study. 

Example 5.1. Almost classical does not imply classical. Consider the diagram 
D for a virtual knot k in Figure [S] An Alexander numbering for D is shown, 
and hence k is almost classical. The 1st virtual Alexander polynomial Ai(u,v) 
is easily computed and seen to be 2 — uv. If k were classical, then its Alexander 
polynomial would be 2 — t. However, 2 — t is not reciprocal, and hence it cannot 
be the Alexander polynomial of any classical knot. From this we conclude that 
k is not classical. 
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Figure 6: Trefoil with virtualizcd crossing. 



One can weaken the definition of almost classical by asking only for a mod-2 
Alexander numbering, that is, replacing Z by Z/2 in the definition of Alexander 
numbering. 

Example 5.2. Existence of a mod-2 Alexander numbering does not imply al- 
most classical. FigureEJis a diagram of a virtual knot k with a mod-2 Alexander 
numbering. The Oth virtual Alexander polynomial of k is 

A/j.o(«, v) = 1 — u — uv — v + u v + uv + u v — u v . 

Since it is not a polynomial in uv, the knot k admits no diagram with an 
Alexander numbering. 

The knot in Example 15.21 was introduced by Kauffman in ^S]. It is obtained 
from a standard diagram of a trefoil by "virtualizing a single crossing," switching 
the crossing and flanking it by virtual crossings. As observed in it is a 
nontrivial virtual knot with unit Jones polynomial. Such knots were further 
studied in [27]. 
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